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1. INTRODUCTION 
Consider the rational recursive sequence 
PX: 
x,+1 = 1 + xi_1 
, n = 0,l ) . . . (1.1) 
where 
and the initial conditions x-1 and x0 are arbitrary positive numbers. Our aim in this paper is to 
investigate the global behavior of solutions of equation (1.1). For some related results, see [l-6]. 
DEFINITION 1.1. STABILITY. The equilibrium point Z of equation (1.1) is called locally stable 
if for every E > 0, there exists 6 > 0 such that Ix_ 1 - 21 < 6 and 1x0 - 31 < 6 implies that 
Ix, - Z( < E for aJJ n 2 0. Otherwise, 3 is said to be unstable. 
The equilibrium point Ic of equation (1.1) is called locally asymptotically stable if it is 
locally stable and there exists y > 0 such that 1x-1 - fl < y and 1x0 - fl < y imply that 
lim,,, lx, - I( = 0. 
The equilibrium point 1 of equation (1.1) is called a global attractor if limn_,a, x, = z for 
all x-1, x0 E (0,oo). 
The equilibrium point f of equation (1.1) is called globally asymptotically stable if 3 is 
both locally asymptotically stable and a global attractor. 
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2. LOCAL STABILITY 
Equation (1.1) may have one, two, or three equilibrium points. If 0 < /3 < 2, equation (1.1) 
has only one equilibrium, namely, 
fi =o. 
The linearized equation about the zero equilibrium is 
Yn+1 = 0, 
and so is locally asymptotically stable. In Section 3, we will prove that jii = 0 is also a global at- 
tractor of all positive solutions. Therefore, when 0 < p < 2, the zero equilibrium of equation (1.1) 
is globally asymptotically stable. 
When ,B > 2, equation (1.1) has three equilibria, namely, 
31 =o, 57’2 = 
2 ’ 
and ,3&d= 
2 . 
As before, ~1 = 0 is locally asymptotically stable. 
The linearized equations about ~2 and fs are, respectively, 
w,+i - 2w, + -w,-1 = 0 
P 
for i=2,3 
with respective characteristic equations 
p-2h+$!zo for i = 2,3. 
From this, it follows that both ~2 and 1s are unstable. More precicely, 52 is a saddle point and 
23 is a repellor. 
When p = 2, equation (1.1) has two equilibria, namely, 
fi = 0 and 552 = 1. 
As in the previous cases, ~1 = 0 is locally asymptotically stable. 
The linearized equation of equation (1.1) about the positive equilibrium 3 = 1 is 
Yn+2 - 2y,+1+ yn = 0. 
Clearly linearized stability analysis fails in this case. However, we can show directly from equa- 
tion (1.1) that the equilibrium 3 = 1 is unstable. To this end, it suffices to show that any solution 
of equation (1.1) with /3 = 2 and with 
decreases monotonically to zero. Indeed 
2x; < 24 _ - -_ 
x1 = 1+ xE1 - 2x-i 
xe= < x0. 
x-1 
(Note that xe 5 x-1 < 1 also implies xi < x0.) Inductively we see that 
x,+1 < xn for 72 > 1, 
which implies that {xcn} decreases monotonically to zero. 
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3. GLOBAL ATTRACTIVITY 
First we will show that every solution of equation (1.1) is bounded from above. In fact, the 
following result is true. 
LEMMA 3.1. Let {x,} be a solution of equation (1.1). Then 
xn < P5 for n 2 3. 
PROOF. Observe that for n 1 0, 
@ii+2 
x7a+3 = l+x;+, = 
P’X: P7XS 
(1+x:)2(1+x;_1)2[(1+ x;_,,2 +pxg < ii& = P5* 
CASE /3 > 2. When /3 > 2, equation (1.1) has 3 equilibria, namely 
In Section 2, we saw that jir is locally asymptotically stable and that ~2 and jis are unstable. 
Before we state the next theorem, we summarize in the following lemma a few observations 
about the nontrivial solutions of equation (l.l), when ,6 > 2. 
LEMMA 3.2. Assume that /3 > 2 and suppose that {xcn} is a nontrivial solution of equation (1.1). 
Then the following statements are true. 
(a) If for some nonnegative integer no, 
%J+1 I xn, I 5, or Xn,+1 I 32 I xnor 
then 
X,+2 < Xn+l < 32 for n 2 no. 
(b) If for some nonnegative integer no, 
12 I X,, L Xn,+l I 
then 
xno+2 > Xno+l. 
(c) If for some nonnegative integer no, 
f3, 
then 
553 I X,0+1 I XnrJ, 
X,0+2 < Gz,+1. 
PROOF. 
(a) Clearly 
PXn,+l I 1+ &fl, 
and so 
X 
pX:o+l < pXEo+l ML,+1 _ 
no+2 = 1 +x;, - 1+ x&+i < - - x PXn,+1 
no+l? 
and the result follows by induction. 
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(b) We have 
Pxn,+1 > 1+ x&+1, 
and so 
P&+1 > M&+1 
x,0+2 = I+ x;o - 
1+ x:,+1 
> xno+1. 
(c) Clearly 
@x,0+1 I 1+ xZso+17 
and so 
Px2no+1 < PX:“,,,l 
xno+2 = 1+ xzo - 1+ xi,+1 < xno+1. 
The proof is complete. 
THEOREM 3.1. Assume that p > 2 and let 52 denote the smallest positive equilibrium of equa- 
tion (1 .l). Then equation (1.1) has a solution {xc,} which is strictly increasing to ~2. 
PROOF. For x E [O,oa), set 
f-l(Z) = z2, fo(x) = x3 
and 
f 
m-,2 (xl 
n+l = 1 + f,“_,(x)’ n = O,l,. . . (3.1) 
For each x E [0, oo), the sequence of positive numbers {fn(x)} is a solution of equation (l.l), 
and by Lemma 3.1 this sequence is bounded. Let 
s(x) = SUPfdX) 
72 
and 
A = {cc E [O,m) : s(x) < 32). 
We now claim that the function s is continuous on A and that set A is open. Indeed for every 
x E A, there exists an integer N such that 
s(x) = fN(X) and fN_tl(X) < fN(x). 
Choose 
0 < 6 < min 32 - f&x), fN(x) - fN+l(x) 
2 >. 
From the continuity of f-1, fo, .. . , fN+l, there exists 6 > 0 such that if 
lx - 2’1 < 6, then ,yN~l Ih(x) - h(x’)l < .C 
- 
Note that 
fN+l(x’) < fN+l(x) + 6 < fN(x) - fZ < fN(x’) < fN(x) + f < 32, 
which implies that 
Then 
S(x) - 6 = fN(x) - t < fN(x’) 5 ,“;f:fn(x) = so 
_ 
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and so 
s(z’) < sup fn(z) + E = s(5) + E < s(5) + 22 - fhr(z) = 3’2, 
n<N 
from which it follows, as we claimed, that s is continuous on A and that the set A is open. 
Set X = sup A. Then, since A is open, X is not in A and 
But s(X) 5 12, and so 
s(X) = z’2. 
Hence, by Lemma 3.2 (a), 
The proof is complete. 
THEOREM 3.2. Assume that p > 2 and let ~2 denote the smallest positive equilibrium of equa- 
tion (1.1). Then there exists a solution {xn} of equation (1.1) such that 
G-1 > 32, 72 = 0,l , . . , 
PROOF. Assume for the sake of contradiction, that equation (1.1) has no solution which is above 
12. 
For x E (~2, oo), define the sequence of continuous functions 
f-l(X) = 2, fo(x) = x2 
and 
Pf3x) fn+l(X) = 1+ f,“_,(x)’ n = O,l,. . . 
For each x E (~2, 00)) the sequence of positive numbers {f*(x)} is a solution of equation (1.1)) 
and by Lemma 3.1 this sequence is bounded. 
Let 
s(x) = sup fn(x). 
n 
In view of the hypothesis that equation (1.1) has no solution which is above 52, it follows that 
for every x E (3.2, oo), there exist two integers m and lc (which depend on x), with m 2 -1 and 
Ic 2 m, such that 
s(x) = sup &(x)7 
-l<T%<WI 
fn(x:) > fn+l(X) for n 2 m, 
and 
f/4x) < 32. 
Choose 
0 <E < min 
m<n<k 
fn(x) - fn+l(X) ,z2 _ fk(x) 
2 )_ 
By the continuity of f-1, fo, . , fk, there exists 6 > 0 such that 
Note that 
Ix’ - 21 < s implies _yick Ifn(x) - fnb’)I < 6. 
fn(x’) > fn(x) - 6 > fn+1(x) + c > fn+1(x’) for n = m, . . . , k 
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and 
6(x’) < _fk(z) + E < z2, 
and so 
s(x’) = sup f7+‘)~ 
-l<n<m - - 
Therefore, 
and so 
s(z) - E = _su~<m.M~) -6 
- - 
< sup &(z’) = s(z’) < 
-l<n<m 
_ls<unp<m fn(z) + e = s(z) + 5 
- - - - 
Is@‘) - a(x)I < c, 
which shows that the function s is continuous on (32, oo). 
As 
s(1) > 2’3 and s(&) = fi < 53, 
it follows that there exists an z* E (6, 1) such that 
s(Z*) = 53. 
Hence, there exists an m such that 
53 = s(Z*) = sup fn(z*)* 
-l<n<m 
Also note that 
(a(%*) - f-l(~*))(+*) - fo(z8)) # 0, 
and so we can assume that 
But then 
P3 = s(Z*) = fN(Z*) for 1 5 N 5 m, 
fiv+l(z*) < 13, and b-1(2*) < 33. 
f3 > fN+l(~*) = 
PG 
1+ &(X) ’ z37 
which is a contradiction. The proof is complete. 
CASE p = 2. When p = 2, equation (1.1) becomes 
2x; 
%+1 = I$ $_r ’ r&=0,1,... (3.2) 
Clearly, equation (3.2) has the identically equal to 1 solution, and unless x-1 = 20 = 1, no 
solution can eventually become identically equal to 1. Also by Lemma 3.1, every solution of 
equation (3.2) is bounded from above. 
The following two theorems describe the asymptotic behavior of all solutions of equation (3.2). 
THEOREM 3.3. Equation (3.2) has a solution which is strictly increasing to 1. 
PROOF. The proof is similar to that of Theorem 3.1 and will be omitted. 
THEOREM 3.4. Assume that {zn} is a solution of equation (3.2) which is neither identically 
equal to one nor strictly increasing to 1. Then 
lim 5, = 0. 
n-+cc 
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PROOF. Note that 1 is the only positive equilibrium of equation (1.1). Also, (2,) is a positive 
and bounded sequence. Hence, there exists an no 10 such that 
Go I %,-1. 
(Otherwise {CC,} would be strictly increasing to 1 or to 00.) Now observe that 
2x$ 
xno+l = 1 + X&-l 5 xn,, 
and by induction, 
x,+1 I 2n for n 2 120. 
Hence, 
L = lim 2, 
7Z’cc 
exists and either L = 0 or L = 1. Assume for the sake of contradiction that L = 1. Set 
for n 2 720. 
Then for n 2 no, 0 < yn 5 1 and 
x,+2 2Gz+1 2%+1 
Yn+l = - = - 
x,+1 
1+x; 5 22, =fh. 
Also 
lim gn=E=l. 
n+oo 
Hence, yn = 1 for n 2 no, which implies that xn+i = x, for n 2 no. Therefore, x, = 1 for 
n 1 no which is true only if x-1 = xc = 1. This is a contradiction and the proof is complete. 
CASE ,0 < 2. When 0 < p < 2, then equation (1.1) has only the zero equilibrium. In Section 2, 
we saw that this equilibrium is locally asymptotically stable. The following theorem shows that 
in this case the zero equilibrium is a global attractor of all positive solutions of equation (1.1). 
THEOREM 3.5. Assume that 0 < p < 2 and let {x,} be a solution of equation (1.1). Then 
lim 5, = 0. 
71’00 
PROOF. As we proved in Lemma 3.1, every solution of equation (1.1) is bounded from above by 
a positive constant. Therefore there exists an no 2 0 such that 
Then, 
and so by induction, 
from which the result 
1. 
2. 
3. 
4. 
5. 
6. 
%0-l 2 xn,. 
Px& < @Z, < P& P 
x,0+1 = I + x;O_l - 2x,,_i - 25,, = 2x,0, 
%o+n i 
0 
@ n%, 2 
for n > 1, 
follows. 
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